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Abstract
Amitai’s pioneering works serve as a cornerstone in p. i. theory and algebraic combinatorics. Amitai’s
work has spanned not only these, but also real analysis, probability, number theory, Lie algebras and, espe-
cially, representation theory. Needless to say that we cannot summarize it all. In this survey we have chosen
some major themes and results and apologize for all the ones omitted.
© 2006 Elsevier Inc. All rights reserved.
1. P. I. Theory
Two of the most important tools in studying identities of p. i. algebras, especially in charac-
teristic zero, are the codimension sequence and the cocharacter sequence. Both were introduced
by Amitai, the former in his PhD thesis, and the latter a few years later.
Let A be a p. i. algebra and let I be its ideal of identities in the free algebra F 〈x1, x2, . . .〉.
In characteristic zero, Specht had already noted in his seminal paper [72] that I is completely
determined by its multilinear elements. Namely, let Vn be the span of all xσ(1) · · ·xσ(n) where σ
ranges over permutations of n. The multilinear elements of I are I ∩ Vn. The codimension se-
quence of A is the sequence of dimensions cn(A) = dimVn/(I ∩Vn). There are two motivations
for studying cn(A) rather than simply dim(I ∩Vn). One is that cn(A⊗B) cn(A)cn(B), and so
codimensions are useful for studying identities of tensor products. The other is the remarkable
fact that even though the dimension of Vn is n!, the codimension sequence is bounded by an
exponential function of n. So, in a certain sense, the ideal of identities is always large. The proof
of this bound was the hardest part of Amitai’s thesis, see [44], in which he proved that if A and B
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A. Berele, Y. Roichman / Advances in Applied Mathematics 37 (2006) 132–138 133are both p. i. algebras, so is A ⊗ B . The best known bound is Latyšev’s, see [33], cn  (d − 1)n,
where d is the degree of the smallest polynomial identity. In [10] Berele and Regev proved that
for d  4 and for large n cn behaves like  d2 n instead of (d − 1)n, suggesting that a better upper
bound may be possible.
There are relatively few algebras for which the codimension sequence {cn(A)} has been com-
puted explicitly. In [48] Regev asked a slightly different question and obtained the asymptotic
behavior of {cn(A)}, where A is the algebra of k × k matrices. The main result of that paper is
cn 	 Cn− k
2−1
2 k2n,
where C = (√2π)−(k−1)( 12 )
1
2 (k
2−1)1!2! . . . k!k 12 (k2+4). In addition to being a tour de force, this
paper introduced the study of the asymptotics of the codimension sequence and the use of inte-
gration to study it, two themes which Amitai continued to use and popularize. It also led Amitai
to the conjecture that for any p. i. algebra cn(A) 	 Cnten, where e is a non-negative integer, t is
a half-integer and C should lie in a field of the form Q[√2π,√a]. On the subject of which func-
tions can occur Drensky and Amitai in [17] constructed algebras with codimensions asymptotic
to qnk for any rational value of q . No general progress was made on the problem until Gi-
ambruno and Zaicev proved in [29] and [30] that the limit lim n√cn(A) always exists and equals a
non-negative integer. Using this work, the values of this limit were computed for various generic
algebras in [35] and [10].
The symmetric group Sn acts on the space Vn by substitution,
σ−1f (x1, . . . , xn) = f (xσ(1), . . . , xσ(n)).
Since the ideal of identities I is closed under substitution, the intersection I ∩ Vn will be a sub-
module and we can form the quotient Vn/(I ∩ Vn). The Sn-character of this module is called
the nth cocharacter of A and is denoted χn(A). Note that the degree of χn(A) is the codimen-
sion cn(A), so the cocharacter sequence carries more information than the codimension sequence.
This sequence has been completely determined for just a few algebras, most notably the infinite
dimensional Grassmann algebra E in [39], the tensor product E ⊗E in [41], and 2 × 2 matrices
over the field in [16] and [20].
Two theorems of Amitai give direct applications of cocharacters. [46] improves a theorem of
Amitsur. Amitsur had proven that every p. i. algebra satisfies an identity of the form skn , where
sn is the standard identity, however his proof did not give a way to compute the n and the k.
Using cocharacters, Amitai gave bounds on these numbers in terms of the degree of the minimal
identity satisfied by the algebra. The techniques of this proof were applied by Amitsur in [1] in
which he sharpened Amitai’s result and proved some other theorems using Amitai’s methods.
A second application of cocharacters is [48] in which Amitai proves that the tensor product of
algebras satisfying Capelli identities also satisfies an explicitly computed Capelli identity.
The colegnth sequence of A, ln(A), is defined to be the sequence of lengths of the characters
χn(A), namely, the sum of the multiplicities of the irreducible components. Amitai and Olsson
first considered this sequence, in 1976, in [39]. In a paper published in 1982, Amitai proved that
the colength sequence of k × k matrices was bounded by a polynomial function of n, see [51].
(See [5] for the degree.) He then set out to prove such a bound for an arbitrary p. i. algebra A.
This would be a continuation of the theme that most polynomials are identities, since the length
of Vn as an Sn-module is bigger than any polynomial. Although he succeeded in [7], there were
two papers he wrote along the way that have proved even more important, [10] written with
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the symmetric group and the general linear Lie superalgebra. We discuss it below. As for the
latter, there is a standard parameterization of the characters of the symmetric group Sn by the
partitions of n. Decompose Vn as
⊕
λ Vλ, where Vλ is the sum of the submodules with character
corresponding to the partition λ. Amitsur and Regev proved that for any p. i. algebra A there
exists a pair of integers (k, ) (independent of n) such that if λ is a partition with at least k + 1
parts of length at least  then all elements of Vλ must be identities for A. This theorem was proved
independently by Kemer, who then used it in his proof of the Specht conjecture, see [31]. The
hook nature of the cocharacters hint at a Z2 graded (or “super”) number theory. Indeed, in [15]
Paula Cohen and Amitai proved a “six-square-theorem” for these super-numbers, thus settling
affirmatively a conjecture about cocharacters which appeared in [10].
There are generalizations of the theory of polynomial identities from the category of asso-
ciative algebras in characteristic zero to other categories, including algebras with involution,
algebras with trace, algebras with fixed group action, Lie algebras and, of course, characteris-
tic p. Here are a few of the contributions Amitai has made to these areas.
Amitai developed a novel method for representing wreath products using double centralizers
in [53]. Using this, Amitai and Giambruno in [26] applied the representation theory of the wreath
product Bn ∼= Z2  Sn to the study of ∗-identities of algebras with involution, and the represen-
tation theory of G  Sn to the study of G-identities of algebras with G-action. This paper has
inspired numerous others on both subjects.
Trace identities and trace cocharacters were introduced by Procesi and Razmyslov in [42]
and [43] in which they determined the trace identities of n×n matrices. The importance of these
identities was further underscored by Kemer’s work in which he shows that every p. i. algebra
satisfying a Capelli identity can be embedded in an algebra with trace which satisfies the same
identities. Amitai’s main contribution to trace identities was a series of papers in which he shows
that trace cocharacters of matrices are close to the ordinary cocharacters. In [53] he showed
that the trace codimensions of matrices are asymptotically equal to the ordinary codimensions,
a result he, together with Berele and Giambruno, generalized in [6] to cocharacters of matrices
with both trace and involution. In [48] Amitai constructed a certain polynomial which he proved
was a central polynomial (maybe an identity) for n × n matrices, and conjectured it to be a
non-identity. Later in [21] Formanek proved this conjecture. By a theorem of Formanek [20] the
implication for cocharacters is that for most partitions λ (ones with n2 parts, all at least 2) the
multiplicity of the irreducible character χλ is the same in both the ordinary and trace cocharacter
sequence of n × n matrices.
In characteristic p, let In ⊂ Z〈x1, x2, . . .〉 be the identities of n × n matrices in character-
istic zero. Procesi had asked whether the identities of n × n matrices over Zp were all in
In +pZ〈x1, x2, . . .〉. Schelter proved in [71] that in some cases the answer is no. Similar question
can be asked for other Z-algebras. The questions can also be generalized to other characteristic p
fields. Amitai considered these questions in [39,55–57]. There are a number of technical difficul-
ties in working with the cocharacter sequence, partly because Maschke’s theorem doesn’t hold.
In [40] together with Olsson he investigated these cocharacters and made the remarkable discov-
ery that for any p. i. algebra the cocharacters are supported in a strip H(k,0) for some k. This
led him to conjecture that in characteristic p every p. i. satisfies a Capelli identity. In [57] he
found such explicit Capelli identities for matrices over tensor products of Grassmann algebras.
A generalization of Amitai’s conjecture was proven by Kemer in [32]. In [55] Amitai proved that
the analogue of Procesi’s conjecture has a positive answer for Grassmann algebras with unit over
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See [25] for more on this subject.
Unlike the associative case, codimension sequence for Lie algebras with identities need not
be exponentially bounded, and if it is exponentially bounded the least bounding exponent need
not be an integer. Together with Giambruno and Zaicev, Amitai considered the case of finite di-
mensional Lie algebras in [27,28], where they found conditions for lim n√cn(L) to exist and be
an integer; and together with Mishchenko and Zaicev he considered abelian-by-nilpotent Lie al-
gebras in [36]. In the latter paper the authors consider the Lie identity [[x1, x2, x3], [x4, x5, x6]].
Volichenko had proven in [73] that the codimension sequence of an algebra satisfying only this
identity was superexponential. Regev, Mishchenko and Zaicev then proved that this identity was
extremal in the sense that if a Lie algebra satisfies this identity and any other, then the codimen-
sion sequence is exponentially bounded, and also that any positive integer can be as the limit of
n
√
cn(L) for such algebras.
2. Combinatorics
Amitai Regev’s combinatorial work starts with the seminal paper [49]. The initial motivation
was the study of cocharacters of p. i. algebras [46,47]. Algebras satisfying Capelli identities led
him to investigate the asymptotics of sums of degrees of partitions of bounded height. It was
shown in [49] that the Metha integral Ik appears in these estimates. More precisely, let dλ be the
number of standard Young tableaux of shape λ. Then for every fixed k and β there exist constants
c and g, such that
∑
(λ1,...,λk)n
d
β
λ ∼ c Ik ng kβn,
where the sum runs over all partitions of n of at most k parts and n is tending to infinity.
The Mehta integrals correspond to the simple Lie algebras of type A. Macdonald [34] gener-
alized these integrals to all simple Lie algebras. Using a forgotten integral formula of A. Selberg,
W. Beckner and Regev were able to evaluate these Macdonald integrals for the classical simple
Lie algebras, see [34,49]; see also [23] in this volume.
The limit shape of partitions of bounded height was determined in a joint work with Richard
Askey [3]. An algorithmic proof was given later [14]. As noted in [4, p. 205], these early works
of Amitai seems to be the first to hint on the connection between random matrices and the limit
shape.
In [9] Regev and Berele generalized the previous strip results to hooks, namely, shapes con-
tained in the union of a horizontal strip of height k and a vertical strip of width . The results
are then applied to Lie super algebras. Various stimulating concepts were first introduced in this
paper1:
(1) Super tableaux and related RSK algorithms; later studied by Remmel and Berele, Seeman
and others.
(2) Hook Schur functions; these functions, their variants and applications were extensively
studied by Remmel, Stanley, Sottile, Cheng, Haiman and others.
1 It should be noted that while this fundamental paper was written on 1981, it was published only 6 years later. Thus
one may find subsequent papers with earlier dates of publication, e.g. [11,70].
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super algebra action. More double centralizing theorems were found and studied by Amitai in
later works, cf. [52,54,64], see also [19] .
Decomposition of tensor products of symmetric group representations, or equivalently pre-
senting Kronecker products of symmetric functions as sums of Schur functions, is a classical
open problem, see e.g. [22,24]. Necessary conditions for a shape to appear in the decomposition
were given by Regev [9,50] and his student Dvir [18]; for example, if χν factorizes χλχμ then
the height of ν is not more than the product of the heights of λ and μ. These results were ex-
tended by Di Vincenzo to modular representations and applied in different contexts by Regev,
Adin–Frumkin–Roichman and others.
In [60] Amitai observed and proved the following surprising fact: the probability that the letter
in the cell (2,1) of a random Young tableau is odd tends to 1/e as the size of the tableau is tending
to infinity (and not to 1/2 as one may expect). By computing probabilities on other fixed cells
and considering different probability measures on random infinite tableaux, G. Olshanski and
Regev derived a rich family of new combinatorial identities [37,63].
Other important contributions of Amitai include:
• The study of distinct shapes with identical multisets of hook numbers(with Vershik and Zeil-
berger [61,62,68,69]). Bijective proofs were given later by Bessenrodt, Goulden and Yong,
and Krattenthaler.
• Introducing the Frobenius Schur functions (with Olshanski and Vershik [38]; see [13] in this
volume).
• Permutation statistics on various permutation groups, cf. [12,59,65,66].
• Applying analytic methods to the study of character and other combinatorial sums. These
works, mostly joint with Paula Cohen and Beckner, continue the line of research which was
drawn in Amitai’s first combinatorial paper [49].
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